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Abstract
A higher-order analysis of the evolution of cosmological perturba-
tions in a Friedman universe is given by using the PMF method. The
essence of the PMF approach is to choose a gauge where all uctu-
ations of the density, the pressure, and the four-velocity vanish. In
that gauge, even in higher orders, the perturbation eld equations
simplify considerably; they can be decoupled and - for simple equa-
tions of state - also be solved analytically. We give the solution for
the dust universe up to third order. Comparison of these solutions
strongly supports the conjecture that in general instable perturbations
grow much faster than they do according to the rst-order analysis.
However, perturbations with very large spatial extension behave dif-
ferently; they grow only moderatly. Thus, an upper boundary of the





Due to the non-linearity and complexity of Einstein's eld equations they
have been solved analytically so far only for situations which are character-
ized by a relatively high symmetry and homogenity properties. In the other
cases, one has basically two possiblities: either to solve them numerically, or
to perform a perturbation analysis and to solve the individual orders analyt-
ically. Of course, there are also mixtures of these two possibilities.
If we want to explain the origin of galaxies we have to study the evolu-
tion of given small uctuations in a Friedman universe as background, and
we have to investigate whether these perturbations are stable or unstable.
Moreover, we have to calculate the growth rates of unstable uctuations. A
complete numerical analysis is not very useful in this context, because a pos-
sible increase does not guarantee that that perturbation does not decrease
somewhen later. On the other hand, a complete analytical investigation of
the evolution of cosmological perturbations is not possible for reasons of com-
plexity. Hence, we have to perform some perturbation theory. So far, that
analysis was restricted - also for reasons of complexity - to the rst order;
the linearized eld equations were studied (see e.g.[1], [2], [3], [4], [5]). Only
the approach of Ellis et. al. [6], [7] took into account also the second order.
It is obvious, that such a restriction is too severe. Higher orders become sig-
nicant when a perturbation, which is unstable according to the rst-order
analysis, is growing. Non-linear eects appearing thereby could be very im-
portant; they could stabilize such a perturbation, or they could change the
growth rates of unstable perturbations considerably. It is a main aim of this
paper to study what kind of non-linear eects might appear.
To this end we have used a method which we have invented in [5]. This
so-called PMF method simplied the perturbation eld equations in rst or-
der dramatically (see [5]); hence, it is reasonable to expect that the same
happens for higher orders, too. The PMF method is based on the gauge
freedom. This is to be understood as follows.
Perturbation quantities are constructed by subtracting from the full quan-
tity at a space-time point x

in the perturbed universe the background quan-
tity at the corresponding space-time point x

in the ctitious Friedman uni-
verse. The choice of such a correspondence denes a gauge. We dene other
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gauges by performing coordinate transformations in the perturbed universe,
keeping the background coordinates xed. By means of a so-called gauge
condition - a condition concerning some of the perturbation quantitites - we
select a denite set of coordinate systems. Unfortunately, the perturbation
quantities are gauge dependent; thus, the so-called gauge problem arises: to
what extend are the observed perturbations mere coordinate eects, and to
what extend are they "physical"? Which gauge is suitable for judging sta-
bility/instability of a given uctuation, how can we nd such a gauge which
is "as close to the background as possible"?
In the literature one nds some gauges which were proposed in this con-
text ([2], [3], [4]). The (rst-order) results are systems of coupled dierential
equations which can be solved only in special cases. Another treatment in
order to avoid the choice of a gauge was performed by Bardeen [1]. Out
of metric and matter perturbations he constructed gauge-invariant variables
satisfying relatively simple equations which he could solve explicitly. How-
ever, his variables can be used only partially for a stability analysis: neither
does their limitedness imply the limitedness of the interesting perturbation
quantities like e.g. the density contrast nor does their unlimitedness cause
the latter ones to diverge. Additionally, his analysis is performed only up to
rst order.
That latter shortcoming is avoided in a recent work of Ellis and Bruni [6],
[7]. They take into account also the second order using like Bardeen a gauge-
invariant formalism; however, they do not compare two evolutions (real uni-
verse and ctitious Friedman universe) along the same world line like all
approaches up to now, instead, they rather compare two neighbored world
lines within the same real universe. Their basic quantity is the co-moving
fractional gradient of the energy density orthononal to the uid ow. That
approach has much in favor but it is quite doubtful whether it is useful also
in higher orders than the second one. The corresponding equations become
quickly very complicated, whereas they maintain their simple basic structure
in the PMF approach, which will be explained now.
The essence of the PMF method is to choose a gauge such that all uctu-
ations of matter (i.e., perturbations in density, pressure, and velocity) vanish
and only pure metric fluctuations remain. This can be achieved by choosing
suitably the space-like hypersurfaces (t= const.) and by choosing appropri-
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ate coordinates onto them. In rst order the perturbation eld equations
in PMF gauge simplify considerably, they can be decoupled, and - for sim-
ple equations of state - also be solved [5]. Note that the PMF gauge does
not claim to be "as close to the background as possible". It serves rather for
the simplication of the eld equations. Subsequently, one can transform the
PMF solution into any desired gauge suitable for judging stability/instability.
In this paper, the PMF approach shall be employed for a higher-order analy-
sis. It turns out (see section II) that there is a dramatic simplication also in
higher orders. In the PMF gauge, the perturbation eld equations maintain
their simple basic structure which they have in rst order. Therefore, they
can be decoupled even in higher orders, and also be solved analytically if the
choosen equation of state is simple enough.
All approaches so far gave no hint that an upper boundary of the region
of instability exists. The rst-order result has always been that uctuations
larger in extension than the Jeans limit [8] are growing eternally (an opposite
opinion is supported in [4]; but see [5]). Thus, one major motivation for do-
ing higher-orders analysis was the possible perspective that non-linear eects
could imply the existence of such an upper boundary. Then, uctuations,
whose extension is larger than that boundary, would cease to grow or they
would grow too slowly with regard to the generation of large-scale structures
of the universe. Such an existence would be in agreement with astronomical
observations [9], [10], [11], [12], [13]. However, also an opposite point of view
is supported by some astronomers (see e.g. [14]).
The gauge problem itself is of minor interest in this paper. First of all,
we want to analyse higher orders and to study the princple inuence of non-
linear eects arising thereby. Therefore, we will use a very simple equation
of state (dust). In future work the gauge problem in higher orders as well as
more realistic equations of state shall be investigated.
The plan of this paper is as follows. In Sec. II we present the PMF approach
for higher orders and the corresponding perturbation eld equations. These
are solved in Sec. III in the case of the dust universe; a case study, which
gives some insight into the regularities between the solutions of the various
orders is discussed. Sec. IV, which gives the main results of our work, and
which discusses also some other possible elds of application of the PMF
approach, concludes this paper.
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Notation: Throughout this paper, we use Weinberg's notation [15]. Instead





2 Non-linear analysis in the PMF gauge
For reasons of simplicity, we restrict ourselves to a Friedman universe with
vanishing spatial curvature as background. This is not too severe a restric-




 jj (R is the scale factor of the universe, and  is the curvature pa-
rameter, which can adopt the values +1, 0, or  1) was satised. We choose












(all other components vanish). The index 0 refers to the background (0
th
order).
Let the energy-momentum tensor be of perfect uid form. We get for the








Now we consider a perturbation which has two-dimensional symmetry planes,
i.e., in suitable coordinates all perturbation quantities shall depend only on
x (= x
1
) and t (= x
0
), but not on y (= x
2
) or z (= x
3







(n is the order; see (4)) vanish in order to exclude
rotational perturbations which would disturb the symmetry.















where a; b = 0 oder 1. Note that g
ab
and f depend only on x and t.

























































where k is some dimensionless expansion parameter,  is the energy density,
p is the pressure, U

is the four-velocity and g

is the metric. The index 0
refers to the background, the index 1 marks the perturbation quantities in
rst order, the index 2 those in second order and so on. We have to insert
this ansatz into the eld equations and to order them according to powers of
k. Subsequently, we have to solve the eld equations order by order. If the
sums in (4) converge, (4) is the exact solution of the eld equations.
The ansatz (4) requires some explanations. First of all, it is not too ob-
vious what is meant by perturbation quantities of orders higher than the
rst one. Indeed, one could replace (4) by an alternative ansatz which just
contains perturbation quantitities up to rst order. k
1
then simply means
the dierence between the total density in the real universe and the density

0
in the ctitious background universe. But contrary to the linear analysis
performed in [5] we had, in this case, also to take into account terms propor-
tional to k
n






in the eld equations. Then, we
could not expect that the eld equations are satised order by order; merely
the sum of all orders from the rst one to the last considered one would be
satised. We do not want to choose this approach here for in that case we
had to solve practically the full eld equations; just the zeroth order would
be separeted. This would not be really a perturbation analysis.
Instead of this we proceed as follows. In order to satisfy the eld equations
order by order we add in our ansatz a correction quantity order by order,
which is chosen such that these equations hold. Doing so we arrive at the
ansatz (4) and it is guaranteed that in each order n the eld equations are





, etc., (but not in perturbation quantities of lower orders which are
already known by solving the eld equations in these lower orders; hence,
they are no longer unknown with regard to the n
th
order). Note that either
k can be considered as small compared with 1, or we can set k = 1; then,








be small compared with the corresponding ones of the n
th
order.

























in the real perturbed universe. These coordinate transformations change the
correspondence between points in the background universe and points in the
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physical space-time and are, hence, gauge transformations. Note that the
"philosophy" of the ansatz (5) is the same as that of (4): if we would stop





) we would get very complicated non-linear
gauge transformation laws for the quantities apearing in (4) when we would
go beyond the rst order. But with (5) we get in each order n transforma-
tion laws which are linear in the unknown function 

(n)
. We give them here
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(1)
;: (9)














































































































































































































is dierent from zero (which is satised in an expanding
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where ! is spatially and temporally constant. (14) is certainly satised, even
for all natural numbers i, if the equation of state p = ! holds (insert the
ansatz (4) and decompose p according to powers of k such that this equation















. All other spatial components of U
i




is not an inde-
pendent variable because it is related to g
(i)
00
by the norm conservation). We
have now all features of the PMF-gauge present: uctuations of the density,
of the pressure, and of the spatial components of the four-velocity vanish
simultaneously (in rst and in second order). One can show easily that this
can be achieved also in higher orders. Namely, the gauge transformation
































































and of their derivatives. The
subscripts i and j are smaller than the considered order n. The other func-
tions appearing in these transformation laws must be interpreted in the same


















provided that (14) holds for all natural numbers i.












; i = 1; 2; 3; (18)
But (18) characterizes exactly the PMF gauge (see [5]). From now on we
assume that (14) is satised and we are going to solve the eld equations in
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can be non-vanishing. Hence, our the eld equations contain just 4
independent components. Like in [5] we are using instead of the components
"11" and "22" the energy-momentum conservation. Clearly, for reasons of
checking we have inserted the solution obtained thereby into all components
of the eld equations.
After a very lengthy but straightforward calculation we get the eld equa-
tions up to third order in the following form where the dierent orders are


































































































































The source terms S
(n 1)

are sums of products whose factors are solutions (or
their derivations) of the eld equations of lower orders than n (i.e., maximally
of (n   1)
th
order). We have calculated them for n = 1; 2; 3. We give the
full form of the equations (19) in the appendix, but only up to second order
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since for n = 3 they are horribly long. However, after inserting the solutions
for lower orders the source terms simplify quite a lot and can be handled e.g.
in the case of the dust universe (see next section) quite easily. For n = 1 all
source terms vanish; the system (19) is then already familiar to us from the
rst order analysis (compare [5], (3.17) - (3.20), and - considering the mo-









(that is the energy conservation in 0
th
order) holds). Because of that striking
regularity it can be suspected that (19) is valid for all orders n; but so far
this conjecture has been proven by us (by directly working out the full form
of (19)) only for n = 1; 2, and 3.
Eq.(19) can be decoupled like in the rst order (see [5]) also in higher
orders - because of its relativly simple structure. Moreover, for simple equa-
tions of state, it can be solved completely in a purely analytical manner. We
did this for dust (p = 0) and for radiation (p = =3) but in this paper we
merely discuss the dust solution. This will be done in the next section.
3 The dust universe
The dust universe is characterized by a vanishing pressure. Although such
an equation of state is not very realistic concerning the evolution of galaxies,
the following discussion shows important features of the application of the
PMF method to higher orders. In particular, we will nd new non-linear
eects. The following study of the dust universe can be considered also as
some kind of training for handling the full (i.e., not restricted to the rst
order) PMF method. The Friedman equations imply
R(t) = Kt
2=3









If we insert this into our system of eqs.(19) and decouple it in the same man-








































































































where q is the wave number (for reasons of simplicity we choose solutions




are constants which are related in an
unique way to the "history" of the universe in question (i.e. the state of the
perturbed universe, see [5]);  , however, merely reects the remaining free-
dom of performing transformations within the PMF gauge, and has, hence,





dened slightly dierent as those in [5].
Second Order:
The decoupling of (19) in second order is performed in the same way as in
rst order. The second order equations are also analytically relatively easy to
solve, because the source terms S
(1)

are - after inserting the rst order dust





















































































































































































































































































































































































































































































arise by solving the homogeneous part of the
system of dierential equations (19); the terms which contain the parameters
A
i
, which are already known from our rst order analysis, are generated as




constant  , which can be transformed to zero within the PMF gauge, has
been omitted. While the B
i
can be chosen freely, the parameters F
i
have to
















Note that the transition from the rst order to the second one causes a dou-
bling of the wave number q! Additionally, terms which are spatially constant
arise.
Third Order:
Again, the source terms turn out to be - after inserting the just obtained
dust solutions in rst and second order - nite sums of powers of t. Hence,





















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































sin (q x) (33)
The new parameters ( or integration constants) C
i
arise when we solve the
homogeneous part of the dierential equation system (19). Terms, which






, are generated as special inhomoge-
neous solutions of (19) by the source terms S
(2)

. Note that in third order the
wave number has tripled compared with the rst order; additionally, terms
proportional to sin(qx) or cos(qx) arise.











[t]trig((n  2)qx) + f
(n)
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[t] are sums of powers of t; trig is either sin or cos ( according
to the order and the component in question), and Int is the integer function.
Thus, in n
th
order we get the wave numbers nq, (n-2)q, (n-4)q,...; this se-
quence is ending with q or 0q. Hence, a harmonic (i.e., proportional to sin or
cos) uctuation is, in higher orders, necessarily accompanied by corrections
of equal and lesser extension. It must be mentioned that (34) still has to be
proved for general n. Comparison of the functions f
(n)
i
[t] for n = 1,2,3 with
each other shows regularities which we are going to discuss now by means of
the following case study.
To that end we set the free parameters of orders higher than the rst one
equal to zero; hence, the only remaining non-vanishing parameters are those
given by the rst order, namely the A
i















































































































































































































First of all, the results (35), (36), and (37) show again very clearly that in




are dierent from zero for n  1).
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We have written down the 10-component in each order such that within that
order the sums are ordered according to dierent powers of 1=q; and within
these powers they are ordered according to increasing powers of A
1
. Now we
see the following: within the same power of 1=q the exponent of t is increas-
ing by 5=3 when the power of A
1
increases by 1. From one order to the next
the lowest power of 1=q which appears increases always by 1=q, the corre-
sponding sequence of exponents of t is starting from a value which is reduced















,etc. The highest time exponent appearing in each order increases

















. In the third order we have addi-
tionally to the terms proportional to 1=q
2





have the same time exponents as the terms of the second order where the one


















=q). Since in second order there are only three such terms available, we







. This holds as well for the
terms proportional to cos(3q x) as for those proportional to cos(q x). Thus,


















































































































































by doing an analogeous consideration for the other metric components).
This consideration shows that uctuations with large spatial extension (i.e.,











we consider here only the growing mode (to this end we set A
2
= 0), for
it possesses the highest power of 1=q. For smaller uctuations also terms
with smaller powers of 1=q are important. But those contain higher powers











This means that such uctuations are growing faster provided that we are
far beyond the Jeans limit (this lower boundary of the instability region is
in the case of the dust universe simply q = 1). Let us stress that while in
rst order small extended uctuations grow as fast as large extented ones





), a higher-order analysis shows that they have
dierent growth rates. The reason is that order by order terms with con-
stantly increasing time exponents are appearing; but these "growth terms"
are dominated in the case of perturbations with large extension by others
which are growing only moderately. It is true that this dominance is dis-
sappearing when t becomes suciently big enough but this boundary can
be shifted arbitrarily towards the future if we merely take q small enough.
This is a clear hint for the existence of an upper boundary of the region of
instability, and this existence is caused by non-linear eects. To sum up: it
seems that non-linear eects do not stabilize a perturbation which is unstable
according to the rst-order analysis but they let large extented uctuations
just moderately grow while they cause small extented ones to grow much
faster.
The other metric components show an analogeous behaviour. It must
be mentioned that all those conjectures have not been proven yet strictly;
they have just been veried for n  3. This should be done in the future;
similary, we have to nd the algorithm for the numerical coecients in our
sums. Especially for small extented uctuation the whole sum is important
and we have to calculate its limit in order to know what functions of t the
metric components are. However, since those "growth terms", which are pro-



















, both have the
same sign "+", one might expect that summing up all those contributions we
get an rapidly increasing perturbation (provided, of course, that q is not too
small). Moreover, our analysis has been performed so far merely within the
PMF gauge. It remains to study whether the results found in that gauge, in
particular to what extend the non-linear eects survive if we transform the
PMF solution into a gauge which is "close to the background"
One can also infer from (35), (36), and (37) the following feature. Let us




to the background quantities (i.e., the parameters A
i
have to be very small).
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automatically small compared to those of lower orders provided that q and t







where r + s = n. Hence, for small times and for not too largely extented
uctuations a rst order analysis is justied. This is what we expect.
4 Conclusions and Perspectives
Let us now summarize the main results of our higher-order analysis. First
of all higher order ("non-linear") eects cause, in principle, perturbations to
grow much faster than they grow according to the rst-order analysis. The
reason for that behaviour is that higher order contributions contain "growth
terms", and it seems that they all have the same sign (i.e., they are all act-
ing along the same direction). However, for very large perturbations those
growth terms are dominated within each order by others which grow only
moderately. Thus, we get the following picture: uctuations with large ex-
tension (beyond super-clusters of galaxies?) grow only moderately (more or
less with a similar small rate they grow according to the rst-order analy-
sis) but the other perturbations grow much faster provided their extension
is beyond the Jeans limit. It must be mentioned that this interesting result
has to be taken for the moment just as a conjecture which is supported by
some tendencies observed from the results in PMF gauge in rst, second, and
third order. We still have to work out the solution in n
th
order. Moreover,
our equation of state used here (dust universe) is not too realistic with re-
gard to the formation of galaxies. And, nally, in order to be in the position
for judging stability/instability of a given perturbation we should transform
our PMF solution into some appropriate gauge. Then, we can infer from
the density contrast within this gauge whether that perturbation is stable or
not. However, since in the PMF gauge instabilities show up in the metric
components alone rather than in the density contrast, one can expect that
in an appropriate gauge we will observe a similar behaviour for the density
contrast like that which the metric components show in the PMF gauge. If,
after performing all these improvements and transformations, the observed
tendencies survive at least in principle, we have found a possible explanation
for the breaking o of the hierachie [clusters of stars - galaxies - clusters of
galaxies - super-clusters] at super-clusters or at super-super-clusters [9], [10],
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[11], [12], [13]. In this case, general relativity would imply an upper bound-
ary of the instability region.
Another result is that the transition to higher orders is connected with
a multiplication of the wave numbers. Maximally, we obtain in n
th
order a
contribution proportional to sin(nqx) or cos(nqx); but there are also terms
with smaller wave numbers (see (34)). Altogether, we observe a kind of frag-
mantation which is increasing with the order (i.e., with the evolution time).
That means, that more and more parts of the uctuation evolve dierently,
and the extension of those parts become smaller and smaller when the or-
der increases. Hence, the perturbation is fraying more and more when time
passes by.
In our analysis we have considered only uctuations with a spatial shape
proportional to sine or cosine. However, the realistic uctuations are those
whose spatial shape is e. g. something like a Gaussian. This is not at all a
problem in rst order because we can obtain the solution for any shape by
means of a Fourier synthesis. But in the non-linear theory, a sum of solu-
tions of the eld equations is not necessarily also a solution of these equations.
Nevertheless, we can use our solutions obtained in this paper also in such a
case. We just have to perform the Fourier analysis "order by order". This
expression is to be understood as follows. First of all, we perform the Fourier
analysis in rst order. Our solutions proportional to exp(iqx) are solutions
of the individual Fourier components. Subsequently, we compose them and
obtain the solution of the given perturbation in rst order. That solution
must then be inserted into the source terms in (19) for n = 2. We form the
products and sums of S
(1)

, and, after that, we decompose the source terms
into their Fourier components. Then, our solutions proportional to exp(iqx)
are again solutions of the individual Fourier components. Since the pertur-




, the Fourier synthesis out of our solutions proportional to sine
and cosine yields the full solution in second order which is to be inserted into
the source terms in third order. In this way we proceed order by order.
Moreover, one should rid oneself of the concept of perturbations with two-
dimensional symmetry planes, if the aim is a theory of the formation of galax-
ies as realistic as possible. Instead, one should consider perturbations which
are (approximately) spherically symmetric. The transition to these uctu-
20
ations should not be any problem because the starting metric (in spherical
coordinates) is not much more complicated than (1). Our PMF methods
should, hence, be applicable also in this case.
The PMF method can be used also on a larger scale. If our conjecture
about the solution in an arbitrary order turns out to be true, we can generate
by means of the PMF method exact solutions (presentated as innite power
series in t) of Einstein's eld equations. Then, it is not necessary to assume
that the uctuations are small compared to the corresponding background
quantities; however, if we drop that assumption, all orders are equally im-
portant. An investigation about the structure of these solutions and their
classication could give useful information about classical General Relativity.




= f(t)h(x), we can investigate also gravitational waves propagating in
a Friedman-Robertson-Walker universe, i.e., propagation through matter! It
should be possible to obtain solutions (with the help of the PMF method)
even without such an separation ansatz, because our system of dierential
equations (19) can be decoupled independently from that ansatz (see e.g.
[5],(3.17-3.22)).
Finally, we want to emphasize that the main aim of this paper is not to
supply a theory of galaxy formation, which is as realistic as possible. These
investigations should rather be understood as a rst step towards such a
theory satisfying astrophysicists. First of all, we are interested in the devel-
opment of a method which is powerful enough for solving the eld equations
also in the case of space-times, which are less homogeneous than, e.g., the
Friedman universe. We wanted to understand what kind of principle prob-
lems arise, and how they can be handled. Additionally, we were interested in
what kind of new eects caused by higher orders appear. The most essential
new non-linear eect is that perturbations grow much faster than they do
according to a rst-order analysis, but those perturbations with an extremely
large extension do not.
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Note that these equations transform into the system (19) if we insert in each
order into the 00 component the energy conservation equation, and if we
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